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Kvadratické programovani: 1D

" = argmin f(x)

f(m)=a:1:2+ba:+c, a,b,c e R,a >0
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Kvadratické programovani: 1D
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Kvadratické programovani: 2D
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Kvadratické programovani: 2D

f(x,y) = o TP —pewymedr=ey T ], a,b,c,de, f €R
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Kvadratické programovani: nD

f(x) = %mTAm —bvlz

A=A" = Vfa)=Ar—-b=0 = Ax=b
Vif(x)=A=0
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Kvadratické programovani: nD

f(x) = %mTAw —bvlz

A=A" = Vfa)=Ar—-b=0 = Ax=b
Vif(x)=A=0

u* = arg milzlf(u) (kontaktni uloha)

1 —Au(z) = f(z) forx € Qp,
Jlu) = §UTKU [T u(z) = 0 for z € T'y,
Vf(’lL) = Ku— fw ’LL(ZJIZ’) > l(ZL') for x € QP.

Vif(u) =K =0

1(x)



Karush-Kuhn-Tucker conditions (KKT)

Let us consider the QP problem (1), where the feasible set is convex, described
by equality and inequality constraints

h'i = ‘:11"'1

Q:=L{reR": £:i(7) 0 ! me # ),
hij(z) < 0 j=1,...,my

where

e hp; : R" — R are linear functions describing equality constraints,

e hr; : R" — R are convex functions describing inequality constraints.

Suppose T solves this problem. Then there are vectors A\g € R™E and \; €
R™_ A; > 0 such that T solves the Lagrangian problem

T = argmin L(z, \g, A1) ,

where L : R™ x R™= x R™ — R is Lagrange function defined by

L(z, g, Ar) := f(z) + > Agihgi(z) + Y Ajhii(z)
i=1

=1

The appropriate optimality conditions of this problem, so-called Karush-Kuhn-
Tucker conditions (KKT), are given by

V.L(x g A1) = V@) + 3 ApVhe(@)+ 3 Ay Vh(a) = 0
i=1 j=1

Vo L(z, A, A1) = [hei(2),. .., hEm(z)]T =0
Vi, Lz, Mg, A1) = [hn(z), ..., him, (2)]7 <0
Ar =2 0

0,

Arjhi;
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2. Problém optimalniho portfolia



Obchodovani na burze

Portfolio = urcita sestava, soubor akcii a jinych cennych papir( v majetku jednoho
investora.

pDI‘folio(t) — ;];(t) . stock price(t) 20 ¢
\ ] 18 -
!

trzni cena
(vime nebo odhadneme)

pocet vlastnénych akcii
(bude nezndma)

stock price [$]




Obchodovani na burze

Portfolio = urcita sestava, soubor akcii a jinych cennych papir( v majetku jednoho
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porfolio(t) = x(t) - stock price(t)

Priklad

e mame 1000 K¢

stock price [$]
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Obchodovani na burze

Portfolio = urcita sestava, soubor akcii a jinych cennych papir( v majetku jednoho
investora.

porfolio(t) = x(t) - stock price(t)

Priklad

e mame 1000 K¢
e vsSechno investujeme v pondéli

stock price [$]

1000 = portfolio(monday) = 100 - stock price(monday)

e v patek je situace jina 2t
" | | | |
1400 = portfolio(friday) = 100 - stock price(friday) o\ & %@b@‘ fb@\ & &
(0 de\ XO: XS < \t'@&\ &0\5 <

prode\ 0, P



Obchodovani na burze

Portfolio = urcita sestava, soubor akcii a jinych cennych papir( v majetku jednoho
investora.

porfolio(t) = z(t) - stock price(t) ?Z
16 |
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1000 = portfolio(monday) = 100 - stock price(monday)

e v patek je situace jina 2t
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* mame tu néjaky zisk (vynos z investice)

total profit = portfolio(friday) — portfolio(monday) = 400



Obchodovani na burze

Portfolio = urcita sestava, soubor akcii a jinych cennych papir( v majetku jednoho
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Obchodovani na burze
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Obchodovani na burze

Portfolio = urcita sestava, soubor akcii a jinych cennych papir( v majetku jednoho
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porfolio(t) = Z xi(t) - stock price,(t)
i=1
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stock price [§]

Problém 2: jak uhodnout trzni cenu? S ° o o— o

zdroj: ezo.tv



Obchodovani na burze

Portfolio = urcita sestava, soubor akcii a jinych cennych papir( v majetku jednoho
investora.
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Obchodovani na burze: stochasticka uloha

porfolio(t) = E xi(t) - stock price,(t)
i=1
{

stochasticky proces

neznama investice . ,
(Casova rada)

(investujeme pouze jednou = stacionarni)



Obchodovani na burze: stochasticka uloha
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Obchodovani na burze: stochasticka uloha

Prices

D(Bond) = 0.0028 160 ! ' '
D(Stock;) = 626.8499 Bond
D(Stocky) = 172.9998 140 | Stock1
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Dluhopis (bond) je dluhova investice, ve které investor pUjcuje penize subjektu (typicky korpordtnimu
nebo vladnimu), ktery si pljcuje finanéni prostfedky na definovanou dobu za variabilni nebo pevnou

urokovou sazbu.



Obchodovani na burze: stochasticka uloha

Zisk je objem ziskanych financnich prostredkd, tj. rozdil mezi vydélanou ¢astkou a ¢astkou
vynaloZzenou na nakup, provoz nebo vyrobu néceho.

profit, (t + 1) = stock price,(t + 1) — stock price, (t) (za jednu akcii)

stock price,(t + 1) — stock price, ()

relative profit,(t + 1) = ,navratnost”

stock price, ()



Obchodovani na burze: stochasticka uloha

Zisk je objem ziskanych financnich prostredkd, tj. rozdil mezi vydélanou ¢astkou a ¢astkou
vynaloZzenou na nakup, provoz nebo vyrobu néceho.

profit, (t + 1) = stock price,(t + 1) — stock price, (t) (za jednu akcii)

stock price,(t + 1) — stock price, ()

relative profit,(t + 1) = stock price, (t)
g s

,havratnost”

Relative Profits

2
Bond
Stock1
Stock2
1.5 1 Stock3| |
Stock4
Stock5
1 - -
05t 7
-0.5

2003 2004 2005 2006 2007 2008 2009 2010 2011



160 T
Bond
140 < Stock1
- Stock?2
Stock3
120 Stock4
Stock5
100
of M

ol |

délanou ¢astkou a ¢astkou

7a jednu akcii)

navratnost”

'f W ReJatjve Profits
40 'f i —k) Bond
NPV S ol £

W TR AN A ; Stock1

» ol -4 Stock2
20 ! v Stock3| |

b -W"“M e Stock4

5 <t : < . ; " ‘ ‘ Stock5
2003 2004 2005 2006 2007 2008 2009 2010 2011 .
05r |

-0.5
2003

2004

2005

2006 2007 2008 2009 2010 2011



Obchodovani na burze: stochasticka uloha

Zisk je objem ziskanych financnich prostredkd, tj. rozdil mezi vydélanou ¢astkou a ¢astkou

vynaloZzenou na ndkup, provoz nebo vyrobu néceho.

profit,(t + 1) = stock price,(t + 1) — stock price, (1)

stock price,(t + 1) — stock price, (¢
relative profit,(t + 1) = price; ( ) price (t)

stock price, ()

Relative Profits

E(relative profit;) = 0.822-10~* 2
E(relative profit,) 3.524 -10~*
E(relative profit;) =  8.391-10~*
E(relative profit,) = 13.058-10~* 15}
E(relative profit;) =  6.409-10~*
E(relative profity) =  3.687-10~*

1l
D(relative profit;) = 7.282-10733
D(relative profit,) =  5.625-104
D(relative profit;) = 4.921-1074 05¢
D(relative profit,) = 21.601-10"%
D(relative profit;) =  4.384-104
D(relative profits) =  9.546-1074
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Obchodovani na burze: maximalizace zisku

Maximalizovat zisk = maximalizovat oCekavany relativni zisk

expected value of profit = E Z x; - relative profit, (¢) —  max
i=1

s.t. Z x; - stock price; (1) = 1000 K¢
i=1

Vi: x; >0



Obchodovani na burze: maximalizace zisku
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Vi: x; >0 . . )
¢as investice



Obchodovani na burze: maximalizace zisku
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Obchodovani na burze: maximalizace zisku

Maximalizovat zisk = maximalizovat oCekavany relativni zisk
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Obchodovani na burze: maximalizace zisku

Maximalizovat zisk = maximalizovat oCekavany relativni zisk

expected value of profit = E
i=1

Z x; - relative proﬁti(t)] —  max

x; - stock price; (1) = 1000 K¢

AN

¢as investice

— Z x; - E [relative profit;] = (z, f)

\

Vi : f; = E|relative profit,]

r” =argmax(f,x) s.t. Aegx = beg,z >0

(linedrni programovani)




Obchodovani na burze: maximalizace zisku

Maximalizovat zisk = maximalizovat oCekavany relativni zisk

Profit=(S5tocks(2:T, :)-Stocks(1l:7-1,:))./8tocks(1l:T-1,:);

f = —-mean(Profit(l:T-1,:));
Leg=Stocks(l,:);
beg=Money;

lb=zeros(size (Profit,2),1);
x = linprog(f, [1, []1,Req,beq,1b);

% compute portfolio
Portfolio = zeros(l,T);
for £=1:T
Portfolio(t)= dot(x,Stocks(t,:)):
end



Obchodovani na burze: maximalizace zisku

Maximalizovat zisk = maximalizovat oCekavany relativni zisk

Profit=(Stocks(2:T, :)-Stocks(1:T-1,:))./5tocks(1:T-1,:);
f = —-mean(Profit(l:T-1,:));

Leg=Stocks(l,:);

beg=Money;

lb=zeros(size (Profit,2),1);

x = linprog(f, [1, []1,Req,beq,1b);

SDD T T T T T T T

% compute portfolio

Portfolio = zeros(l,T); le ‘W
for t=1:T 500 r ﬁr

Portfolic(t)= dot(x,S5tocks(t,:)):
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Obchodovani na burze: minimalizace rizika

Riziko je mira disperze vynosu. (= rozptyl)

D(return) — min
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D(return) = D({z, f(t))) — min



Obchodovani na burze: minimalizace rizika
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Necht X € R" je ndhodna proménnd a a € R". Pak D(a’ X) = a Cov(X)a.
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* =argmina’ Hz, H = Cov(f(t)) -SPD matice

(bez omezeni)



Obchodovani na burze: minimalizace rizika

Riziko je mira disperze vynosu. (= rozptyl)

D(return) = D((z, f(t))) = ? Cov(f(t))x — min

[

Necht X € R" je ndhodna proménnd a a € R". Pak D(a’ X) = a Cov(X)a.

Priklad: (ponékud patologicky)

* =argmina’ Hz, H = Cov(f(t)) -SPD matice
(bez omezeni)

Trivialni reseni:

x* =0 - pokud neudélame zadné investice, pak je to bez rizika :)



Vicekriterialni optimalizace: agregace

xl f —  max

st. A, xr=0b.,.7r >0
T Hax — min o4 =



Vicekriterialni optimalizace: agregace

T
xt f —  max
st. Aegr = bey.x >0
T Hzx —  min 4 =
—aTf —  min

st. Apgr = bey, x>0
2T Hx —  Imin “d @



Vicekriterialni optimalizace: agregace

T
xt f —  max
st. A, xr=0b.,.7r >0
T Hax — min o4 =
T :
Tm S - m%n st. Acgx = beg,z >0
xt Hax —  Imin
Obecné:

{ min f ()

min g(x)



Vicekriterialni optimalizace: agregace

xl f —  max
b Aegt = beg, x>

el Hax —  min i @t 7% 20

—aT f —  min

b Aegt = beg,x >0

el Hzx —  min ° o o

Obecné:
min f(x) .
{ min g(z) & minag f(x) + azg(x),

kde ay > 0, ap > 0 urcuji dulezitost f(x), g(x) (obvykle ay + ag = 1).

(ktery z optimalizacnich problému je dllezitéjsi)



Vicekriterialni optimalizace: agregace

{ min f(x),  f(r) = (
min g(x), g(x) ==z T

g(solution)
y8]

R o |

= minh(z,«), h(z,a)=af(x)+ (1 - a)g(x),
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Vicekriterialni optimalizace: agregace

{ min f(x),  f(r) = (
min g(x), g(x) ==z T

g(solution)
y8]

o) 0.3

R o |

= minh(z,«), h(z,a)=af(x)+ (1 - a)g(x),

0.1

0.5

1

1.5

2
f(solution)

2.5

3

3.5 4



Vicekriterialni optimalizace: agregace

U mingto), ) s S minh(n,a). hz.a) = af()+ (1 - algla),

g(solution)
y8]

1 o8
0.5 r
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X f(solution)



Vicekriterialni optimalizace: agregace

U mingto), ) s S minh(n,a). hz.a) = af()+ (1 - algla),

0.7

g(solution)
y8]
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0.5

0.5
o) 0.3

0 i i I i i i (o] 0. TI i
-3 -2 -1 0 1 2 3 4 5 0 0.5 1 1.5 2 2.5 3 3.5 4
X f(solution)




Vicekriterialni optimalizace: agregace

U mingto), ) s S minh(n,a). hz.a) = af()+ (1 - algla),

0.9

0.7

g(solution)
y8]
o

0.5

0.5
o) 0.3

0 i i I i i i (o] 0. TI i
-3 -2 -1 0 1 2 3 4 5 0 0.5 1 1.5 2 2.5 3 3.5 4
X f(solution)




Vicekriterialni optimalizace: agregace

min f(z),  f(z) = (2 — 2)? | )
{ min g(z),  g(x) = 22 = m;nh(g:, @), h(z,a)=af(z)+ (1 - a)g(z),
4 2
3.5
0.9
il f(solution) - smaller values
g(solution) - larger values
25
§
3 2 0.7
2
< 15 L f(solution) - larger values
' g(solution) - smaller values
1 -
05
0 ; |
0 0.5 4

f(solution)



Vicekriterialni optimalizace: agregace

—al f — min

st. Acgx = bey.x >0
2T Ha —  min “d @



Vicekriterialni optimalizace: agregace

—al f — min

st. Aegx = beg,x >0
2T Ha —  min ¢ ’

Definujme koeficient ,,averze rizika“ (jak moc je dGleZité minimalizovat riziko) « € (0,1)

0 - riziko neni pro nds dllezité
a = 0.99999 - riziko je pro nas moc dulezité

o
|

r* = arg min [ Q (.‘I:THHI) — (1 — ﬂi)-‘i‘?Tf }

st. Aegr = beg,z >0

(kvadratické programovani)




Vicekriterialni optimalizace: agregace

Profit=(Stocks(2:T,:)-Stocks(1l:7-1,:))./Stocks(1l:T-1,:);
f = -mean (Profit(1:T-1,:));

H = 2%cov(Profit(l:T-1,:)):

Reg=5tocks(1l,:);

beg=Money;

lb=zeros(size(Profit,2),1):

alpha = 0.999;
% = gquadprog(alpha*H, (l1-alpha)*£, [1,[],2=eq,beqg, 1b);

% compute portfolio
Portfolio = zeros(l1l,T):

for t=1:T
Portfolic(t)= dot(x,S5tocks(t,:)):
end



Vicekriterialni optimalizace: agregace

Profit=(Stocks(2:T,:)-Stocks(1l:7-1,:))./Stocks(1l:T-1,:);
f = -mean (Profit(1:T-1,:));

H = 2%cov(Profit(l:T-1,:)):

Reg=5tocks(1l,:);

beg=Money;

lb=zeros(size(Profit,2),1):

alpha = 0.999;
% = gquadprog(alpha*H, (l1-alpha)*£, [1,[],2=eq,beqg, 1b);

120 T T T T T T T
% compute portfolio
Portfolio = zeros(1l,T); 118 /////C
for £=1:T Y
Portfolio(t)= dot(x,S5tocks(t,:)): 116 r /// ]
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Vicekriterialni optimalizace: agregace

Profit=(Stocks(2:T,:)-Stocks(1l:7-1,:))./Stocks(1l:T-1,:);

f =

-mean (Profit (1:T-1,:));

H = 2%cov(Profit(l:T-1,:)):

Reg=5tocks(1l,:);
beg=Money;

lb=zeros(size (Profit,2),1):

(relative profit,)
(relative profit,)
(relative profits)
(relative profit,)
(relative profity)
( )

E
E
E
E
E
E(relative profity

0
3.

8.391 -
13.058 -
6.409 -
3.687 -

]

"
104
104
104
1074

2011

alpha = 0.999; y , ., .
% = quadprog (alpha*H, (1-alpha)*£, [1, [1,Aeq, beg, 1b) ; .. ale o¢ekavany vynos nic moc
120 T T T T T T T
% compute portfolio
Portfolio = zeros(l,T); 18 /////2
for t=1:T Y
Portfolio(t)= dot(x,Stocks(t,:)): 16 /// i
end o 1147 ra -
O
P g 112 /"‘/ =
* :@9.9644)3, 0.0007, 0.0007, 0.0004, 0. UUUT] /
—— :—_,_ / 7
investuj do ,,nejstabilnéjsich” akcii.. § 108 | // -
®
. > 106 | / '
D(relative profit;) = i
D(relative profity) = 5.6 0—4 104 f & .
D(relative profit;) =  4.921-1074 o P 1
D(relative profit,) 21.601 - 104 P
D(relative profit;) =  4.384-1074 100 : ' : ' : ' :
D(relatlve proﬁt6) _ 9.546 - 10_4 2003 2004 2005 2006 2007 2008 2009 2010
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Value of the Portfolio
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Efektivni hranice (efficient frontier) je mnozina optimalnich portfdlii, které nabizi nejvyssi
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0.014
a=0

0.013

0.012

Expected return
o
=

0.01

0.009

a=0.999
G —)-
0.008 ' ' ' '
10710 107 10 107 1072 10°
Risk
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Cross-validation

Otazky k zamysleni:

* Funguje to?

* Existuje néjaky zplsob jak zkontrolovat nase predikce?
* Jak zjistit, jak dobra je nase predikce?
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Otazky k zamysleni:
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Cross-validation

Otazky k zamysleni:

* Funguje to?

* Existuje néjaky zplsob jak zkontrolovat nase predikce?

* Jak zjistit, jak dobra je nase predikce?

Napad:

Plan akce:
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Cross-validation
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Cross-validation
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Cross-validation
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Cross-validation
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3. Zaver



Zavéerem (take-home message)

O ¢em byla tato prednaska:
- mam rad optimalizace
- nemél jsem rad statistiku, ale ted uz ji umim tolerovat

- reSeni optimalizaCnich Uloh ma mnoha prakticka vyuziti

- studujte aplikovanou matematiku, stoji to za to!

Dékuji za pozornost.



