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( ∞⋃
n=1

Tn

)
.
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Vypočtěte obsah a délku hranice
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Ř+A+D+Y+...
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π = 3, 1415926... stá̌ŕı Karlovy univerzity v roce 1763,

π = 3, 1415926... objevena Amerika, jej́ıž armáda osvobodila roku 1945 Plzeň
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π = 3, 1415926... počet Krokových dcer
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π = 3, 1415926... stá̌ŕı Karlovy univerzity v roce 1763,

π = 3, 1415926... objevena Amerika, jej́ıž armáda osvobodila roku 1945 Plzeň
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Č́ıselné řady a jejich konvergence.

π = 3.14159265358979323846264338327950288419717...

π = 3, 1415926... upáleńı Mistra Jana Husa,
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π = 3, 1415926...
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π = 3.14159265358979323846264338327950288419717... = ?

π = 3 + 1
10 + 4

100 + 1
1000 + 5

10000 + 9
100000 + 2

1000000 + 6
10000000 + ...
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Č́ıselné řady a jejich konvergence.

s = 1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + ...

s = (1− 1) + (1− 1) + (1− 1) + ... = 0 + 0 + 0 + ... = 0

s = 1− (1− 1)− (1− 1)− (1− 1)− ... = 1− 0− 0− 0− ... = 1

s = 1− (1− 1 + 1− 1 + 1− 1 + ...) = 1− s ⇒ s = 1
2

s = ?
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Č́ıselné řady a jejich konvergence.

s = 1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + 1− 1 + ...

s = (1− 1) + (1− 1) + (1− 1) + ... = 0 + 0 + 0 + ... = 0

s = 1− (1− 1)− (1− 1)− (1− 1)− ... = 1− 0− 0− 0− ...

= 1

s = 1− (1− 1 + 1− 1 + 1− 1 + ...) = 1− s ⇒ s = 1
2

s = ?
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Ř+A+D+Y+...

Č́ıselné řady a jejich konvergence.

Definice.

Řadou (reálných č́ısel) rozuḿıme výraz

a1 + a2 + · · ·+ an + ... =
∞∑
n=1

an, (1)

kde pro každé n ∈ N je an ∈ R.

Č́ıslo an nazýváme n-tým členem řady (1), posloupnost (sn) definovanou p̌redpisem

sn := a1 + a2 + · · ·+ an =
n∑

k=1

ak

nazýváme posloupnost́ı částečných součt̊u řady (1).
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Č́ıselné řady a jejich konvergence.

Definice.
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Ř+A+D+Y+...

Č́ıselné řady a jejich konvergence.

Existuje-li
lim sn =: s ∈ R ∪ {+∞, −∞},

nazýváme ji součtem řady (1) a ṕı̌seme

∞∑
n=1

an = s;

je-li nav́ıc s ∈ R, ř́ıkáme, že řada (1) konverguje.
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Bud’ q ∈ (−1, 1). Pak pro posloupnost (sn) částečných součt̊u řady

1 + q + q2 + q3 + ... + qn−1 + ... =
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n=1

qn−1

plat́ı, že

sn =
qn − 1

q − 1
→ 0− 1

q − 1
=

1

1− q
,

a proto

s =
∞∑
n=1

qn−1 =
1

1− q
.
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1 + 2 + 3 + 4 + ... + n + ... =
∞∑
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n
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Ř+A+D+Y+...
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∞∑
n=1

(−1)n+1 nemá součet.
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nemá limitu, a proto řada
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Harmonická řada.

Uvažujme řadu

1 +
1

2
+

1

3
+

1

4
+ ... +

1

n
+ ... =

∞∑
n=1

1

n
.

Pak, protože pro každé k ∈ N plat́ı

1

2k + 1
+

1

2k + 2
+

1

2k + 3
+ ... +

1

2k+1
≥ 1

2k+1

(
2k+1 − 2k

)
=

1

2
,

je (Nicole Oresme, asi v r. 1350)

s = 1 +
1

2
+

1

3
+

1

4︸ ︷︷ ︸
≥ 1

2

+
1

5
+ ... +

1

8︸ ︷︷ ︸
≥ 1

2

+
1

9
+ ... +

1

16︸ ︷︷ ︸
≥ 1

2

+... = ∞.
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1

2k + 1
+

1

2k + 2
+

1

2k + 3
+ ... +

1

2k+1
≥ 1

2k+1

(
2k+1 − 2k

)
=

1

2
,

je (Nicole Oresme, asi v r. 1350)

s = 1 +
1

2
+

1

3
+

1

4︸ ︷︷ ︸
≥ 1

2

+
1

5
+ ... +

1

8︸ ︷︷ ︸
≥ 1

2

+
1

9
+ ... +

1

16︸ ︷︷ ︸
≥ 1

2

+...

= ∞.
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1 +
1

2
+

1

3
+

1

4
+ ... +

1

n
+ ... =

∞∑
n=1

1

n
.

Pak, protože pro každé k ∈ N plat́ı
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Harmonická řada.
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n = 1

”
3 /∈ n“

1

n
.

Pak

s =
∞∑

n = 1

”
3 /∈ n“

1

n
≤ 9 · 1 + 92 · 1

10
+ 93 · 1

100
+ ... =

= 9 ·

(
1 +

9

10
+

(
9

10

)2

+

(
9

10

)3

+ ...

)
= 90.
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Harmonická řada.

Nyńı uvažujme řadu∑
p ∈ N

p je prvoč́ıslo

1

p

=
1

2
+

1

3
+

1

5
+

1

7
+

1

11
+

1

13
+ ...

Dá se ukázat, že ∑
p ∈ N

p je prvoč́ıslo

1

p
= ∞.
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1

p

pro n ∈ {1000, 2000, 3000, ... , 100000}.
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Ř+A+D+Y+...
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Dá se ukázat, že

1−1

2
+
1

3
−1

4
+
1

5
−1

6
+
1

7
−1

8
+ · · · = ln 2

.
= 0, 6931471806.
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Neabsolutně konvergentńı řady.

Věta.

Necht’
∞∑
n=1

an ∈ R ,
∞∑
n=1

|an| = ∞.

Pak

pro každé s ∈ R ∪ {+∞,−∞} existuje bijekce φ : N → N taková, že

∞∑
n=1

aφ(n) = s;

existuje bijekce ψ : N → N taková, že součet řady
∞∑
n=1

aψ(n) neexistuje.

(Vhodným p̌rerovnáńım neabsolutně konvergentńı řady lze źıskat jakýkoliv výsledek.)
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Věta.

Necht’
∞∑
n=1

an ∈ R ,
∞∑
n=1

|an| = ∞.

Pak
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∞∑
n=1

aψ(n) neexistuje.
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Daľśı hezké p̌ŕıklady Petra Vodstrčila.
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Věta.

Necht’
∞∑
n=1

|an| ∈ R

a bud’

φ : N → N bijekce.

Pak
∞∑
n=1

an =
∞∑
n=1

aφ(n) ∈ R.
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9
10

)1 − ( 9
10

)2
+
(

9
10

)3 − ( 9
10

)4
+
(

9
10

)5 − ( 9
10

)6
+ ... = 9

19

.
= 0, 4736842105(

9
10

)1
+
(

9
10

)3 − ( 9
10

)2
+
(

9
10

)5
+
(

9
10

)7 − ( 9
10

)4
+ ... = 9

19
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http://am.vsb.cz/osma

P. Vodstrčil
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